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Abstract 

This paper studies Holder regularity property of bounded weak solutions to a class 
of strongly coupled degenerate parabolic systems. 

1 Introduction 

We study the Holder regularity of bounded weak solutions of nonlinear p-Laplacian parabolic 
systems of the form 

ut = div{A{u,Du)) + F{u,Du), (1.1) 

m a domain Q = n x {0,T) C IR"+\ with Q being an open subset of IR", n > 1. The 
vector valued function n, / take values in IR™, m > 1. Du denotes the spatial derivative of 
u. Here, A{uX) is a nonlinear map from IR™ x IR"-™ into IR"™. 

A weak solution u to (jl.ip is a function u G ''(Q, IR™) such that 

// [{-u, (t>t) + {A{u, Du),D<P)] dz= ff {F{u, Du),(t>) dz 

JJQ JJQ 

for all (p G Cq((5,IR™). Here, we write dz = dxdt. 

The evolution p-Laplacian scalar equation has been one of most widely studied nonlinear 
degenerate parabolic equations. The particular feature of (jl.ip is its gradient-dependent 
diffusivity. Such systems, and their stationary counterparts, appear in different models in 
non-Newtonian fluids, turbulent flows in porous media, certain diffusion or heat transfer 
processes, and recently in image processing. 

A large body of literature on p-Laplacian systems has been devoted to the following 
system 

ut = diY{\DuY'-'^Du) + F{u, Du) 

which is a special case of (jl.ip where A(u,Du) = \Du\^^'^Du does not depend explicitly on 
u. In this case, the regularity theory of bounded weak solutions was then almost settled 
and masterfully presented in the text book [I] (see also [3] for the stationary counterpart). 
The techniques and results also hold for systems where A depends smoothly on x, t. In 
fact, under suitable assumptions on F, we now know that bounded weak solutions to the 
above systems has Holder continuous spatial derivatives. The theory was then based on a 
far-reaching combination of generalized DiGiorgi and Moser's methods for scalar equations. 
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However, this method breaks down in dealing with systems (jl.ip allowing more general 
structm'al conditions and with the diffusivity A depending explicitly on the unkown u. First 
of all, the dispersion of the eigenvalues of the derivative of A with respect to the second 
variable Du will prevent the Moser type iteration techniques in [H Chapter IX] from being 
applicable in order to show that \Du\ is locally bounded, a starting and crucial point in 
defining the scaled cylinders in the next steps. Secondly, the presence of u in ^4 will create 
extra terms when one differentiates the system in order to obtain a new system satisfied 
by Du. These extra terms may not be well defined if u is not yet known to be Holder 
continuous. 

In this work, we choose a different approach. We will establish the Holder continuity of 
u by using a homotopy argument. We assume that the system (jl.ip can be imbedded in a 
family of systems and at least one of which has the property that its bounded weak solutions 
are Holder continuous and satisfy a scaling decay estimate. Under suitable assumptions, we 
show that this property will be carried onto bounded weak solutions of the considered 
system. This type of decay estimates with scaling was also used in p!] using the local 
supremum norm of \Du\. In our case, since \Du\ is not locally bounded and the best we can 
say is that is locally integrable for some q > p. The scaled cylinders in this work must 

then be defined differently. We will use the average mean of |Z)u|*' instead of its unavailable 
supremum norm. 

Thus, wc will consider a family of parabolic systems parameterized hy v £ [0, 1] 

ut = dw{A{u, u, Du)) + F{u, u, Du), in Q = Q x {0,T) C IR"+^ (1.2) 

Assuming (II. ip is the above system when = 1 and Holder continuity results are known 
for the system when i/ = 0. Inspired by [1, Proposition 3.1], we introduce the so call 
scaling decay property D) which is Holder continuity for weak solutions to scalar degenerate 
equations. We then consider a subset I of parameters in [0, 1] where bounded weak solutions 
of the above system satisfy this property. The main goal is then to prove that I is both 
open and closed in [0, 1] so that I = [0, 1] and the desired Holder continuity for solutions to 
(jl.ip is obtained. Our first two main results concerning the open and closed properties of I 
will be presented under two sets of conditions as they will be established by using different 
tools, and they may be independently of interest in other applications. 

The main vehicle in the proof of I being open is the Proposition 14.31 which is the p- 
Laplacian version of the nonlinear heat approximation result in [12]. Basically, it asserts 
that if a vector valued function u almost and weakly solves a system like (II. 2p . with ly G I, 
then it can be approximated in certain controllable way by a solution v of the system. By 
this, property D) of v can be carried over to u. The proof of this p-Laplacian approxima- 
tion version is not a simple extension of the result in [12] as our systems are degenerate 
(or singular) and many more technical tools. Among them is a measure theoretic result 
Lemma 13.81 in Section [3] establishing uniform continuity of the integrals of the derivatives 
of approximated solutions. As a consequence of this, in Lemma 13.111 we also present a 
result on higher integrability of the derivatives of " almost" weak solutions to a p-Laplacian 
system. Similar results for weak solutions to p-Laplacian systems were first reported in [8]. 

On the other hand, the above argument is local by nature and cannot be used to prove 
that / is closed as it lacks certain uniform estimates in order to show that limits of a sequence 
of regular solutions are also regular. To this end, we will use a different approach deriving 
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uniform and global estimates for the integrals of spatial derivatives of regular solutions with 
uniform bounded norms. 

In this paper, our main results only concern the degenerate case, i.e. p > 2. The singular 
case, p < 2, can be dealt with in a similar way but much more subtle and will be reported 
in a forthcoming work. However, most of our main tools work for both cases and we report 
them here in Section [3] and Section H] for future references. We will specifically state the 
range of p for which our results hold. 

The paper is organized as follows. In Section [21 we will introduce notations and discuss 
in details our hypotheses and main theorems. Section [3] collects technical lemmas. Section [J] 
presents our main vehicles - the p-Laplacian nonlinear approximation results. The proof 
that / is open will be given in Section [5j Finally, Section [6] details the proof of I being 
closed and concludes our paper. 



2 Main results 

Throughout this paper, for some zq = (xQ^to) G IR""^^ and R, p > 0, Qr^p{zq) denotes the 
parabolic cylinder centered at zq with radius R,p. That is, Qr^p[zq) = Bji{xo) x [to — p, to]- 
We also abbreviate by Sr^p{zq) = Br{xq) x {to — p} U dBji{xQ) x [to — p, to], the parabolic 
boundary of Qr{zo). If the center zq was understood, we would simply write Qn.p, Sr^p for 
QrA^o) Sr^p{zo) respectively. 

For a given cylinder Q = B x [a,b] and p > 1, we consider the space Vp{Q) = Vp{Q, IR™) 
of vector valued functions u : Q ^ JR"^ with norm || • ||v'p(Q) defined by 

\MVj,{Q) = sup \\u{-,t)\\L2(^B) + \\Du\\Lp(j^). 

By Vp{Q) we denote the closure of Cq{Q) in Vp{Q) with respect to the above norm. 

Let Zq = (xo,to) and Qr^p^z^) be any parabolic cylinder in the following scaled 

norm will also be used 

\\u\\v(o„ )= sup I R-" f u(x,t) dx] + I RPR^^'p'^ II \Du\P dz] " . 
' te[to-p,to] V JBr{xo) J V -^-^Qr^p J 

Obviously, this norm is invariant via dilations. 

For any integrable function u : Q ^ IR™" and any measurable subset A of Q, we write 

UA = TTT / u(z)dz = -If u(z) dz. 
\A\ Ja ^ ' JJa 

If ^ is a cylinder Qr^p = Qr,p{zo) and there is no possibility of ambiguity, we simply write 
''^R,P — '^Qr • Furthermore, if p is defined in term of R and the relation between R, p is 
clear we also abbreviate UR^p by ur for the sake of simplicity. 

As our results are local in nature, without loss of generality, we will simply consider Q 
being the unit parabolic cylinder -Bi(O) x [—1,0] throughout this paper. We then consider 
a family of systems 

ut = dw{A{v, u, Du)) + F{u, u, Du), in Q = Bi x (-1, 0) C IR"+^ and u G [0, 1]. (2.1) 
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By a bounded weak solution u to this system we mean a bounded vector valued function 
u satisfying 



For simplicity, we will mainly consider the case F = in our discussion. The presence 
of F can be treated with minor modifications and we will briefly discuss this case at the 
end of this section. 

We will always consider matrices A[v, u, C) satisfying the following ellipticity condition 
E) There are positive constants A, A such that for all CiV ^ IR'^'", u G IR*" 



In the study of the Holder regularity of a weak solution u, it is now well known that 
(see [3]) one needs to establish a mean oscillation decay estimate: For some r, a G (0,1) 
and any Qr = QR^p{x,t) C Q, there are positive constant to,C{tq) such that 



However, due to the degeneracy /singularity of the diffusion matrix A, such decay esti- 
mates do not hold in general for cylinders whose space-time configuration are uniform for 
all solutions and depend only on the parameters defining the systems. Roughly speaking, 
we can only obtain here ()2.3p when R, p are linked via an intrinsic scaling determined by 
the solution u itself. Yet this decay property still gives the desired Holder continuity. The 
idea of using scaled cylinders was known in literature (see [T]) where scalar equations were 
studied so that Harnack type inequalities could be established and gave the Holder con- 
tinuity. Here, such techniques are no longer available and we have to scale the cylinders 
by using the average oscillations of weak solutions. Being inspired by [U Proposition 3.1], 
we introduce the following decay property. Note that the mean oscillation of vector valued 
solutions is used here in place of the essential oscillation for scalar solutions in [Ij. 

We say that a bounded vector valued function v : Q ^ IR™' satisfies a scaling decay 
property if 

D) Let M = supqI^I. For any Rq > 0,r] G (0,1), and (xo,to) £ Q there are positive 
numbers A, K, L, ao,LJo depending on M, r] (with K, A sufficiently large) such that we 
can define the following sequences 



= ^^=+1 = max{77u;fc,Li2""}, Sk = ^,Qk = Br^{xq) x [to - Sl ^RIM]- 

(2.4) 




(A(z.,n,C),C) > A|Cr, K.4(i/,n,C),r/)| < A|C| 



(2.2) 




(2.3) 



such that if 




then for any integer k = 1, . . . 




(2.5) 
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Our first main result shows that if (j2.ip . for some z/, is a "nice" system in the sense 
that its bounded weak solutions satisfying the decay property D), then "near by" systems 
are also nice. To be more precise, let us describe the this result in details here. We first 
suppose that the family of systems (j2.ip contains at least a "nice" one. 

I) There is a nonempty set X C [0, 1] such that for any in / the decay property D) holds 
for any bounded weak solution to (|2.ip . The same assumption applies to the systems 
with u being replaced by any constant vector C, i.e. 

// [-u(j)t + {A{u,C,Du),D(j))] dz- ff F{u,C,Du)(p dz = 0, V0 G CqHQ, IR"") 
JjQ JJq 

We then consider the following structural assumptions on the matrices A{i',u, Du). 

O.l) (Uniform ellipticity) For any ly G [0, 1], A{i',u,Q satisfies the ellipticity condition E) 

dA 

for some positive constants A, A. In addition, -^(i^, u,C) exists and there is cq > 
such that 

8 A 

(— (z.,n,c),c)>coicr 



inm{\U\P-'^,\V\P-'^} [/^Oorl^^O 
otherwise 



for any bounded weak solution u of (j2.ip . 
0.2) (Monotonicity) For any w G IR™ and U,V e IR""", there holds 

{A{w, U) - A{w, V), U-V)> Xo{U, V)\U- V\^ (2.6) 

where 

Ao(C/,F) = co| 

for some positive constant cq. 
0.3) (Continuity) A(i',u,(^) is Holder in G [0, 1] and Lipschitz in u. That is, 

I A(z., u, - A{i^, u,C)\<C\u- f^f\Cr\ (2.7) 

I A(z., u, C) - Aiu, v,0\< C\u - v\\Cr^ (2.8) 
for some 0,9 > and any i/, /x G [0, 1], u,v e IR™, C G IR'""- 

0.4) (Existence) For z/ G X and any cylinder Q' C Q, and any vector valued function 
g G C^{Q'), the system 

[-u(t>t + {Aiu,u,Du),D(^)]dz = 0, \f4>eC^{Q',M^), ^^^^ 
u = g on Sq> 

has a bounded weak solution u (and thus satisfies the property D)). 

0.5) (Uniform maximum principle) For any A G [0,1] and Q' C Q, if g £ C^{Q') then 
there is a constant C(||g||2,oo(Q')) such that any weak solution u to the system ()2.9p is 
bounded and satisfies the estimate ||it||^cx)(Q/) < C(||5||^oo(q/)). 
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Remark 2.1 We should remark that if the argument u in A{i',u, Du) is replaced by a 
constant vector and the data g is bounded then the existence of a weak solution in 0.4) 
is granted by classical approximation methods as in [U] or [16) . Otherwise, the existence 
condition 0.4) can be satisfied by using Galerkin's method if g is sufficiently regular and the 
solution u is known a-priori to be Holder continuous. Since I is the set of parameters for 
which the systems has bounded weak solutions being Holder continuous, 0.4) is justified. 

Our first main result then asserts that the set I, where the property D) holds, is open. 

Theorem 2.2 Suppose that I) and 0.1)-0.5) hold and p > 2. ThenX is open in the usual 
topology of [0, 1] . Moreover, bounded weak solutions to the system \2.1\) with u ^ X are 
Holder continuous. 



The above theorem relies on a nontrivial generalization of the so called nonlinear heat 
approximation lemma which was introduced in our earlier work |12j concerning nondegen- 
erate systems. 

Next, we will give conditions for the set X to be closed in [0, 1]. To this end, we take a 
sequence {vk} in ^ such that Uk ^ n and we will show that fi £ X. We first require that 
any bounded weak solution u to (j2.ip . with v = ^i, can be weakly approximated by "nice" 
solutions. 



II) For each v £ X, the system (|2.ip satisfies the existence condition 0.4) and maximum 
principle 0.6). Moreover, \i Vk C X and z^^ — t- ^ then for any bounded weak solution 
u to (12. 1|) with v = fi there is a sequence {vk} of Holder continuous solutions to (12. ip . 
with v = i^fc, such that Dv^ converges weakly to Du in LP{Q) and the L°° norms of 
Vk are bounded uniformly in terms of that of u. 



Although it will be shown in Section [J] that the above assumption holds under 0.1)- 
0.5) via nonlinear heat approximation, we state II) here for our next result, which can be 
of interest in itself, so that it is independent of Theorem 12.21 Apparently, II) could also be 
verified by other means via weaker assumptions than 0.1)-0.5). 

We then consider v £ X and a solution v to 

i vt = dw{A{u,v,Dv)) in Q, jq) 
\ V = g on S. 

The boundary condition g is assumed to be smooth. By II), the above system satisfies 
the maximum principle and we can define 

Mj,_„ = sup 1^1. 

For any bounded weak solution v to ()2.10p . we then impose the following assumptions 
on the structure of the system. 
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dA 

M.l) The matrix (A^^^) = -^{v,v,C,) is elliptic with the ellipticity constants Xy^^^hy^^. 
That is 



m n 



EE4H^/>V.M', Y.C£^'idf<^l,M' Vr?GlR- (2.11) 

i,j=lk,l=l i,k j,l 

Moreover, for some positive constants Xi^,Ai, we have 

A.,. > Xu\cr\ K,v < A.icr"'- (2.12) 

If n > 2, we also assume that 

^ fi 

supj— ^ : t> is a bounded weak solution to ()2.10p } < -. (2.13) 

Xu,v n — 2 

M.2) For every v in I and any bounded weak solution v to (j2.10p . there exists a positive 
constant a^^v such that 

OA ^ 
\^{i^,v,0\ <ay,v\^\P-^^ith2au,vMy^^{p + n-l) < aoX^, (2.14) 
ov 

where ctq is a fixed number in (0, 1) and 
^ n — 2 A 

Xu = {1 — 6 )Xu and 6 = sup{— ^ : t> is a bounded weak solution to (12.10p }. 

n Xi^^n 

Note that X,^^y > due to (j2.13p . Meanwhile, (|2.13p requires that the principal eigen- 
dA 

values Au,v,Xu,v of are not too far apart (when n > 2). We should also remark that 

the constants , could be allowed to depend on v as long as there were fixed positive 
numbers ci,C2 such that quotient ci < Xyjky < C2- We assume however that they are 
constants for the sake of simplicity. 

Our next main result reads 

Theorem 2.3 Assume the conditions II) and M.l)- M.2) and that p > 2. The set I is 
closed in [0,1]. 

Combining with the results of the previous theorem, as 0.1)-0.5) are sufficient for II), 
we then have 

Theorem 2.4 Assume I), 0.1)-0.5) and M.l)- M.2) and p > 2 then I = [0,1]. Thus, 
bounded weak solutions are Holder continuous. 

Finally, we remark that our proof continues to hold for systems like 

ut = div{A{i/, u, Du)) + F{v, u, Du), (2.15) 
if the nonlinearity F satisfies 

\^{i^,v,0\<C + C\v\' + eo\e, \^{^, v,0\<C + C\v\' + eol^'' 

for some I > and sufficiently small eo > 0. The presence of F would cause extra terms in 
our arguments but they can be easily treated by invoking the Holder and Young inequalities. 
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3 Technical lemmas 



In this section, we present various estimates on a vector valued function u weakly satisfying 
certain differential inequality. Although our main results in this work concern the degenerate 
situation when p > 2 and the singular case {p < 2) will be treated in future works, several 
results in this section hold for p > 1 and we will specify the range of p in each statement 

for future reference. 

Throughout this paper, the constants C,Ci, . . . can change line by line but they are all 
universal constants as they depend only on the initially fixed parameters (such as n, m) . 
For any two quantities A, B, we write A ^ B ii there are universal positive constants Ci, C2 
such that CiA <B< C2A. 

First of all, we recall the following Sobolcv inequalities in a ball of IR" and the depen- 
dence of the constants on the size of the ball. Let be a function defined on Bi. By scaling, 
with X = and (f){x) = 4>{x), we have the foUowings facts on the kth derivatives D^''^ 

- CRP'-^Di'^^l,^^^^ and ~ Ci^^^-t^^ll^.^ll^.^^^^. 

In particular, for q = p* = pn/{n+p), we easily see that HDjr^H^gj-^^^ ~ CR~^\\Dx4>\\'^i^q(^^^y 
Using this in the Sobolev-Poincare inequality on Bi, we get 

for all p such that q < p < q* = qn{n — q). 
On the other hand, 

\ r (J If 

II</'IIm/-*.p'(Si) = s^P^ / '^V'tix < sup _ — / (l)i)dx. 

This also implies Uf^^,,,,^^^^ - CR-P'+^nrn'^-.^^^ ^^.y 
We begin with the following lemma. 

Lemma 3.1 Let Qr,p = Br x (— p, 0) and u : Qr^p IR"* he in Vp{QR^p) for some p> 1. 
Assume that there is a function G G L^{Qr^p) such that 



u(j)t dz 
Qr,p 



<C[[ \G\\Dct>\ dz V<^ G C^{Qr,p). (3.1) 

''JQr,p 



Let q he such that p^, = np/{n + p) < q < p- Then, for any e > there exist positive 
constants C, C (e) such that 



-ff \u-UR\Pdz < sRf-ff \Du\P dz + {C + e)Rn-ff \Du\'' dz] 

JJQr,p JJQr,p \JJQr,p J (^3 2) 
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Proof: For s,r E {—p,0) and e > 0, take (j) = ip{x)r]{t) where ip S Co(i?ij) and rj = 1 
in (s, r), r/ is linear in (s — e, s) and (r, r + e), r/ is zero elsewhere. By the Young inequality, 
the above estimate becomes 



1 

Br \e 



udt — 



I rr+£ 



ud?j ^dx <c(^JJ \Gr]\ dz^ 



CI(Br)- 



Let / > (n + p)/p and m = I — 1 > n/p. By scaling, with x = j^x and = we 
have for (/) G W^'^iBi) that 

_ pl — p — n 

Using this for (p = D^|J, we obtain IIV'IIc^(Bjj) ^ CR p IIV'llt^'.P(^^)- Hence, letting 
e — >• 0, we obtain the following estimate for s, r G {—p, 0) 



(m(-, s) — u{-,r))'ip{x)dx 



pl—p—n ( 


[[ \G\ dz] 


<CR p 




J-'Qr,p J 



Setting H{t^ s, •) = u{-, s) — u{-,t), we just proved that 

||i/(t,s,-)|lvK-^p'(B^) < Ci?^ (jj^^ \G\ dz^ ys,te {-p,o). 



(3.3) 



Let q be such that = np/{n+p) < q < p. We have C LP{Bi) C 

Because W^''^{Bi) is compactly imbedded in LP{Bi), a simple argument by contradiction 
gives the following interpolation inequality 



Using the norm ||0||i4/i,<7(b^) = \\D(p\\iq(^Bi) + and choosing e small, we have 

UhpiB,) < eWmiLHBr) + C(e)||0||^_,,,(g^), Vc/) G 
By a simple scaling argument, we derive from the above that 



Applying this to H(t, s, •) and using (j3.3p . we have 



|G| . 



'R.P 



(3.4) 



We now choose s such that 



/ \Du{x,s)\'' dx <- r f \Du{x,t)\'^ dxdt. 
J Br pJ-pJBn 
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Then 



' . (3.5) 

On the other hand, by Sobolev-Poincare's inequahty, we also have 



R-^u{.,s)-u{;s)r\\%^^^^ < CR^'''^^P\\Du{.,s)\\l,^^^^ < CRP (jj-^^ \Du\'^ dz 
Obviously, 

\\u{-,t) -u{-,t)n\\lp(^B^^ < C\\u{-,t) -U{-,S)\\1^^^^^ + \\u{-,s) 



and\DH{t, s, ■){ < \Du{-,t)\ + \Du{-, s)\. A simple use of Holder's inequality gives ||-Dn(-, < 
Together, when such s is fixed, the above yields 



ul^ dz 



yJQR.p 

+C{e)R-P-P'^ (^JJ \G\ dz^ . 

Integrating the above over t G [—p,0] and dividing by p, we get ()3.2p and the proof of 
the lemma is then complete. I 

The following Poincare type inequality is an immediate consequence of the above lemma. 

Lemma 3.2 Assume as in Lemma \3.1[ If p = S'^~'pR? and \G\ < \Du\p^^ then for any 
e > and np/{n + p) < q < p there exist positive constants C, C{e) such that 



-ff \u-UR\Pdz < eRP-ff \Du\P dz + {C + e)RP l-ff \Du\'^ dz] 
JJQr,p JjQr,p y-JQr.p J (3 6) 



+C{e){S'^-PR)P (jj-^ \Du\P-^ dz^ . 



We now consider a weak solution u € lp(Qi,i) to 

ut = div{A{u, Du) in Qi^i. (3.7) 

The matrix A is assumed to satisfy the following ellipticity conditions E) for some positive 
constants A, A and p > I. 

By testing ()3.7p with \u — c\(j)'^, with (j) being a cutoff function for Qip> ip, Qr,p, we easily 
get the following Caccioppoli type inequality 
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Lemma 3.3 Let u satisfy Jg. 7| j. For any constant vector c G IR"* and any Qn^p C Qi^i 

-ff \Du\P dz <C^-ff \u - c\P dz + C--ff \u-c\^dz. (3.8) 

A consequence of Lemma |3. II and the above is the fohowing reverse Holder inequality. 

Lemma 3.4 Assume that p > 2 and u satisfies J^. 7\ ). If p = S'^^^R'^ for some ~ 
+f l-Dnj''' dz then we have for any given positive e and np/{n + p) < q < p 



■^R,^P 



\Du\P dz < e-ff \Du\P dz + {C + e) I -ff 

jJqr,p \JJc 



|L>u|^ dz 



Qr,p 



(3.9) 



\DuW-'^ dz 



p-i 



R,p 



Proof: For p = S"^ ^Ft? we have ()3.6p . By Holder inequality we estimate the last term 
in (13.61) as follows 



[S'^-PRf Uj-^ \Du\P-^ d^ < RP 



ffc 



\Du\P dz 



(p-2) 



Qr,p 



SP 



\ 



\DuV'-'^ dz 



p-i 



J 



R,p 



If p > 2 then the Young inequality (1 — {j> — 2)Ip = ^/p) can apply to the last term in 
M]) to yield 



--ff \u-ur\^ dz = S^-^R'^-ff \u-ur\^ dz <eSP + C{e)^-ff \u-UR\Pdz. 

PJJQr,P JJqr,p ^^JJQr,p 



Thus, if 5^ ~ 4+- \Du\P dz, we can combine the above estimates with ()3.8p and ()3.6p 
JJqr 

to obtain ([SJ]) if p > 2. ■ 

The above result also holds for 2n/{n + 2) < p < 2 but we have to treat the last term 
in (|3.8p differently. 



Lemma 3.5 Assume that 2n/{n + 2) < p < 2 and u satisfies (fg. 7| ). If p = S"^ ^R^ /< 

some S satisfying 



or 



SP>c{n)l-ff \Du\Pdz + --ff \u-U2R\^dz 

\JJQ2R,2p PJjQ2R,2p 

then we have for any given positive e and q = 2n/(n + 2) 



(3.10) 



1 



Du\P dz < s-ff \Du\P dz + {C + s){-ff 
+C{e)SP. 



\Du\'^ dz 



2R,2p 



(3.11) 



11 



Proof: Let x(^) be a smooth function in x with compact support in Br{xq) such that 
\Dx\ < c/R. We define 

For any s, t such that —p < s < t < 0, we test (|3.7p with (n^^ ^(t) — u^^ j^{s))xix)ri{T), rj is 
defined as in Lemma l3.H to get the following. 

Thus, ii\t-s\<p = S'^-PB? then 

-\<Rit) - <Ri^)\' < CS'-^# \Du\''-' dz. (3.12) 
P •'•'Qr,p 

Obviously, for any s € (— 0) 
i# \u-un?dz < 1# 

•'•'Qr.p •^•^Qr 

< -M W-<,Rit)?dz + \ sup |n^,,K(t)-<,«(.)p. 

The last term can be estimated as in (j3.12p while the first term on the right is bounded by 

// W - ul^^R{t)\^ dz < LnY> f \u-ul^^ j^{t)\^dx\ \u-ul^^^{t)\''dxy dt, 

JJQr,p \ t JBr / Jp \JBii / 

where q = 2n/(n + 2). The last factor can be bounded via Poincare-Sobolev's inequality 
(in the x variable) by 

\ - 



From the equation p.7p for u, we easily obtain 

sup / \u - u^^ f^{t)\'^ dx < sup / \u-U2r\ 

te{-pfl)JBR ' t€(-pfi)JBR 



'^dx 

(3.13) 



< - // |ti — ti2_Rp dz H [[ \u — U2r\p dz. 

''JJQ2R,2p R^JJQ2R,2p 

Applying Holder inequality to the right hand side of the Poincare inequality (13. 6p . we 
have 



^■fl \u-U2r\'' dz<C-fl \Du\P dz + CS^^-P^P (-ff \Du\P dz)^ 

B ■^JQ2R,2p JJQ2R.,2p \'JQ2R,2p j 
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By (j3.10p . the right hand side is bounded by CS^. Thus, 

1 /■/■ Q2—pr>n+2 

— // In - v.nT,\P dz = 41 \ii - 7;,on.|P dz < r7/?"+2.S'2. 



— \u-U2RY'dz = jj- \u-U2r\'P dz<CK'+'S 

(jS.lOP also gives 

- // In - U2r\' dz = \9^J1 1^ _ ^2r|2 dz < C\QrJSP = CR^+^S\ 

PJjQ2R,2p P JJQ2R.2p 

The above estimates and (j3.13p yield 

l-q/2 

, \u-ul^j,{t)\'^dx\ 

yt&{-p,Q) J Br 



sup / \u - ul^^j^{t)\^dx \ < C(ii"+252)^ = CR^S^. 



Hence, 



^-ff \u-UR\'^dz < CSP'^^^^-ff \Du\'^ dz = CSP-'i-ff \Du\'' dz 
JJQr.p JJQr,p JJQr,p 

p/q 



< eSP + C{e)l-ff \Du\'^ dz 
yjQR.p J 



Prom the assumption on S and the Caccioppoli inequality (j3.8p we derive the desired 
reverse Holder inequality in this case. I 

Finally, in order to obtain certain uniform continuity for the integrals of gradients of 
weak solutions, we will need the following measure theoretic result which could be of interest 
in its own right. 

Lemma 3.6 Let F, Gk (k = 1, . . . ,M) be integrable functions defined on Qi^i and a, /3, mk 
be real numbers with a + l,/3 > and mi. S (0, 1). Assume that for any scaled cylinders 

Qr p C Q2R 2p C Qi 1 with p = S^R^ and S -H- F dz the following holds. 

JJQr,p 

-II Fdz<e-ff Fdz + Y^i-ff- Gkd^ . (3.14) 

JJQr.P JJQ2R,2p j^—i \JJ Q2R,2p / 

If e > is sufficiently small (depending on \\F\\ii(^q^ ^■),a,/3,mfcj then for any subset A 
of Qi 1 , m G (0, 1) and 

2'2 

>If F dz, (3.15) 

JjQi,i 

there is a positive constant C = C{n) such that 

F dz< Ct^'"^ jj dz + CY^t^-'^^ JJ ^ Gk dz. 

Here, for any t > , we set $j = {z : z ^ A and F{z) > t} and = {z : z G 
A and Gk{z) > t™^. 



13 



Proof: For simplicity, we will consider the case when M = 1 since it is easy to extend 
the argument to the case M > 1. 

Let P = Qi 1 and t = XnS with An = Anfra) being a constant to be determined later. 

2 ' 2 

We have from (13.150 
Define 

J{r)=jl F dz, r>0. (3.17) 

Obviously, for S [|^, ^] and Aq = Ao(n) sufficiently small we can have 
J(r} < S-'-C(,.)£_ _ F <U = SC(n)^g^ ^ F <i. < is W . [1, i]. (3,18) 

Consider a point z £ P such that F{z) > S. Lebesgue's theorem yields limr^o Jii") > S. 
Thus, by the continuity of the integral and the above inequality, we can find r{z) G (0, ^i^) 
such that J(r(z)) = and J(p) < for any p G [r{z), j^]. This and (j3.18p imply that 
J(2r(z)) and J(5r(z)) are bounded by ^S. Moreover, there is a constant cq depending on 
n such that J{r{z)) < cq J(2r(z)) and therefore J{2r{z)) > ^Cq^S. 

Hence, for p{z) = S'^r^{z) 



S 

'Q 



■II F dz and -ff F dz< -S. (3.19) 



2r(z),S"(2r)P(z) ^ 5r{z) ,S" (5r)P (z) 



We apply the C alder on- Zygmund lemma to P to obtain a countable family of disjoint 
subcubes {Qi} = \S^2r{zi),s°'{ir)P {zi)\ such that {z : z € P and F{z) > 5} C UjQi. Here, 

Qi = Qbr{zi),S°'{5r)f>(zi)- 

Let ^ be a subset of P and <I>t = {z : z G A and -F(2;) > t} and L^ = {z : z G 
A and ^(z) > We will only consider subcubes Qi's such that Qj n ^ / 0. 

For such a subcube, (52r(20,5-(2r)/3(2,) C Q4r(2,),5°(4r)/3(2,) C and by p.lOp we see 
that ()3.14p holds and we have two cases (with Qr^p = Q2r,2p) 



-ff F dz< 2e-ff F dz or -ff F dz<2(-ff G dz] \ (3.20) 

JjQi JjQi JjQi yjQi J 

If the second case of (j3.20p holds then because S ^ -ff F dz we have the following 

JjQi 

ci(n)-"^i5"'i <(-ff F dzY' < 2'^^-ff Gdz< C2(n)2"^i-// G dz. 

\JjQi / JJQi JJQi 



Hence, by splitting the integral on Qi into those on Qi n Fj and Qi\Tt, we have for some 
c = c(n) 

S'^^IQd < (2c)'"i // G dz + (2c)™i // G dz. 

JjQ.nrt JJQi\rt 
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This gives 



and furthermore 



s^^m < (2cri // G dz + {2crH"'^\Qi\ 

S'^'\Qi\<c^{n)li Gdz, 
JjQinrt 

if Ao = t/S is sufficiently small (such that (2c)"it™i < ^S""^ and dXTH]) still holds). We 
then fix such Aq- 

Arguing similarly, with G, mi now being eF and 1, we see that if the first case of (j3.20p 
holds and e is small then 



S\Qi\ < 4e // F dz. 

'Q^n^S>s 



Together, we have 



S\Qi\ < 4e // F dz + C3(n)5^-'^i // G dz. 
JjQin<s>s JJQinrt 

Since $5 C UjQi, we now have by (j3.19p and the fact that Qj's are disjoint 

Fdz< JJ^ ^'^^-l^ E m=C{n)SY,\Qi\=C{n)S\uQi\. 

By Vitali's covering lemma, we can find a subsequence of disjoint subcubes {Ilj} of {Qi} 
such that UQi C Ullj and therefore 

lUQil < |uni| < ^ \Ui\ < Ci(n) 

Thus, as n's are disjoint, we have from the above estimates for Ilj = Qi that 

F dz < C2(n)5E|ni| < CsWE f4e // F dz + S^-"^' ff Gdz 



< C3(n)4e // Fdz + C3in)S^-"'^ [f G 



dz. 



On the other hand, as Aq is small, t < S and therefore $5 C ^t- We then have 



[[ F dz< 5^-™ [[ F"^ dz< 2C4(n)ti-"^ [[ dz. 



Hence, by choosing e sufficiently small, we get 

F dz <Ct^-''' ff F"" dz + Gt^-""^ ff Gdz. 

This completes the proof. I 

Remark 3.7 Note that the number S in the proof is fixed and needs only satisfy (|3.16p . 
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We then have the following result on the uniform continuity of integrals. 

Lemma 3.8 Let {F^^^} and {G^*"*}, k = 1,...,M, be bounded sequences of functions in 
L^iQi^i) satisfying 1^3.14] ) of Lemma 13.61 Assume that the sequences {G^^^} are weakly 
convergent in L^{Qi^i). If e is sufficiently small then the integrals of F^^^ are uniformly 
continuous in the following sense: for any given 5 > there is fi{6) > such that 

F^*) dz < 6 for all i if Ac Qi i and \ A\ < fi{6). 

Proof: We can again consider the case M = 1. Fix a t satisfying p.lSp of Lemma 13.61 
We have shown that if e is small enough then we have for F = F^^ and G = G^'\ 

F dz = [[ Fdz+[[ F dz<t\A\+Ct^-"' [[ F"" dz + Ct^-""' [[ G dz 

A JjAX^t JJ^t JJ^t JjTt 

< t\A\ + Ct^-""!!^ F"" dz + Ct^'""' jj G dz. 
bmce 

are weakly convergent in L^(Qi^i), we can apply [2, Corollary IV. 11] 
on the uniform continuity of integrals to see that the last two integrals are uniformly small 
if \A\ is small. The assertion then follows easily. I 

Another consequence of Lemma 13.61 is the following higher integrability result. 

Lemma 3.9 Let {F*^*)} and {G^*"*}, k = 1,...,M, be bounded sequences of functions in 
L^{Qi,i) satisfying \3.14^ of Lemma 15*. 61 (with p = S°'R^). If e is sufficiently small then 
there is some r > 1 such that if Gi G L^^'^'^^^Qi^i) then the following estimate holds 



l + Q ~ 



F' dz<C[ F dz] 0^"^^+^ dz. (3.21 

.1 1 \JJQi.i J JJQi,i 

Proof: For m G (0, 1) and r > 1, we define 

(t>{t) = ff F"^ dz, Ui{t) = ff G, dz, 

I^{t) = ff F'' dz. 
JJ^t 

For A = Qi I, the assertion in Lemma 13.61 can be written as 



T^-'^dct^ir) < Glt^-'^cPit) + ^it^-'^^ujiit)] yt>a:=Uj F 



dz 



A simple modification of the Gehring lemma in [H Lemma 6.3, p. 200] provides some 
r > 1 such that 

OO /"OO /"OO 
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This gives (see [1]) 



IIq 



F" dz < Ca"-i // F dz + C7S // Cr™"^^ dz 



1 1 •'•'Ql,! •'•'Wl.l 



The definition of a then gives the desired ()3.2ip . I 

We now consider a sequence of vector functions Uk which almost solve (j3.7p in the 
following sense: 



u(j)t + {Ak{u, Du),D(p) dz 



^^WDAiiQ^jmLnQn.,) (3.22) 



!R.P 

for ah (j) £ V^{Qr,p), Qr^p C Qi,i. 

Lemma 3.10 Assume that 2n/(n + 2) <p <2. Let {uk} he a sequence of vector functions 
satisfying \3. 22\) and the norms \\Duk\\Lp{Qii) uniformly bounded. The sequence of 
matrices Aj. is assumed to satisfied the ellipticity condition E) of Section\^ If 5 is sufficiently 
small then the integrals of \DukY' ^'^^ uniformly continuous. 

Proof: We will apply Lemma [3^ here by taking F^*) = \DuiY' ^'^'^ ~ ^'^) 

be either \Dui\'^ or \Dui\P~'^ with q = up/ in + p). Consider first the case p > 2. It is easy 
to see that m satisfies the Poincare and Caccioppoli type inequalities of Lemma 13.11 and 
Lemma 13.31 Hence the reverse Holder inequality (|3.9p of Lemma 13.41 holds for Dui with 
e = 25 and 

p = S^~PR^ and SP r^-ff \Du\p dz. 

Hence, the assumption (|3.14p of Lemma 13.61 is verified with a,S there being (2 — p)/p,SP 
respectively, p = S^R^ and /3 = 2. 

As the norms ||I?Ufc||£p(Q^ are uniformly bounded, Gj's are uniformly bounded in 
for some r > 1 and they are weakly convergent in L^. Lemma 13.81 then applies here to give 
our lemma if e, or 5, is sufficiently small. 

If p < 2, as in the proof of Lemma 13.61 we fix a number S such that (see (j3.16p ) 
a|s2 > (jj.^^ ^ \Dnk\^ dz + -^p{f^^ ^ Wk - {uk)Q,,A' dz^ 

Define (see (IXTTD ^ 

-''(r)=-^ \Duk\^ dz+ g2-p^2j y Wk - (.Uk)Q^J^ dz. 

We will be interested in the set where \Duk\^ > S^. At each point z of this set, the 
argument leading to (j3.19p in the proof allows us to find a cylinder Q Rg2-p r;2{z) and a 
positive constant ci(n) such that 

ci(n) (-11 dz + \u - ur]"" d^ < S^. 
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Therefore, the condition ()3.10p on S is verified and a reverse Holder inequahty (j3.14p for 
F^^^ = \Duk\'^ is available again. Noting that S is fixed, we see that the proof can continue 
as before. I 

We also have the following estimates for Du as a result of Lemma 13.91 



Lemma 3.11 Assume that p > 2n/(n + 2). Consider a vector functions u satisfying (EZ 
with Ak is assumed to satisfied the ellipticity condition E) of Section [3 If 5 is sufficiently 
small then there is e > such that 

RP+elL \Duy+' dz<C (3.23) 

for some constant C depending on R^-rr \Du\^ dz. If2n/{n + 2) < p < 2, the above 



— — — 



\u — ur\'^ dz. 



Proof: We make the scaling x ^ x/ R, t ^ t/ BP in the equation for u and need only 
show that (j3.23p when R = 1. We now set F = \Du\^ and Gi be either |Z)n|^~^ or iDnl*^ 
with q = up/ {n+p). Accordingly, rrii will be either {p — ^)/p or q/p = n/{n+p) respectively. 
Thus, Gi = F"^^ and belongs to F'^-'^i+^ if (^^ — rui + l)mj < 1. We can find such r > 1 if 
(2 — mi)mi < 1 but this requirement is just one of the followings 

p — l,p — 1 9 9,/ n , n , ,9 

(2 - )- p- \ <p^ and (2 ) nin + 2p) < (n+pY. 

p p n + p n + p 

Thus, Lemma 13.91 applies here with a = {2 — p)/p and r = 1 + e/p to give (13.23P when 

R = 1. The dependence of the constant C on -^jr \u — ur\^ dz comes from the choice 

■'•^Qr,rp 

of 5 in the proof of Lemma 13.101 I 



Remark 3.12 When p > 2, it is easy to see that the quantity 

jlP+eff \Du\P+'' dz 



p 

p+e 



RP 



p(2+e) 
2(p+e) 



can be bounded by 

RPfh \Du\P dz\ ,RP-H- \Du\P dz} 
■^■^Qr,rp ) JJQr,rp 

for some constant Cq independent of Du. We also remark that the exponent > 1 

when p > 2. 
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4 The approximation lemmas 



In this section, we establish one of the main tools of our work - the nonlinear approximation 
lemma for p-Laplacian systems. To begin, let us fix a cylinder Qn = Br x [— i?^,0] and 
consider two collections A of matrix- valued functions A and B of vector valued functions B 
satisfying the followings 

a.l) There are positive constants A, A such that the ellipticity condition ()2.2p in E) holds 
for each A ^ A . 

a. 2) For any B G B, B{u, C,) is Lipschitz in u and there is a positive constant C such that 

\B{u,0\<C + C\Cr\ (4.1) 

a.3) For each A G A, B G B and any given function g G C^{Qp), where Qp C Qr, the 
system 

- u(j)t + {A{u,Du),D(/)) - {B{u,Du),(p) dz = 0, V(/) G Cq{Qp), u = g on Sp 

has a bounded weak solution u with lliillLoo^Qp) < C(||(7||/,oo(q^)). 
a. 4) (Monotonicity) There is a positive constant Aq such that 

{A{u, Du) - A{v, Dv),Du - Dv) dz > Xq [[ \Du - Dv)\p dz 

JJqp 

for any u,v £ Vp{Qp)- 

The monotonicity condition a. 4) has been frequently assumed in literature concerning 
the uniqueness of weak solutions to the systems described in a.3). We will state the first 
version of our nonlinear approximation results under this condition in order to streamline 
our presentation and ideas. Later, we will replace a. 4) by more practical assumptions and 
the proof will be similar modulo some technical modifications. 

We will first prove that 

Proposition 4.1 Assume a.l)- a. 4) and p > 2n/{n + 2). For any given M,e > and 
f3 > 1 there exists 5 E (0,1] that depends only on X,A,M,e such that if Ag A,B £ B and 
u e VpiQu) satisfying 

-ff \u\'^ dz + RP-ff \Du\Pdz<M, (4.2) 

JJqr JJqr 



and 



- u4>t + {A{u, Du),D(l)) - {B{u, Du),4>) dz 
Qr 



<^\\Dn\\l^QjD<Php^Q^) (4.3) 



for all 4> G Vp{Qr), then either 



'-ff \Du\P dz < e, (4.4) 
JJQr 



RP- 

''Qr 
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or 



there exists v G V^(Q_r/2) such that 



-ff \v\'^ dz + R^-ff \Dv\P dz <C{X,A,Xo,M) 



•'•'Qr/2 ''•'Qr/2 



and 



II -v(j)t + {A{v,Dv),D(l)) - {B{v,Dv),(l)) dz = (4.5) 
for all (j) G C'o(Qk/2)7 



' -ff \v-u\'^ dz + -ff \v - u\P dz < eRP-ff \Du\p dz, 

JJqr/2 jJQr/2 JJQr 

-ff \Dv\P dz < l3-ff \Du\P dz. 
. •'•'Qr/2 •'•'Qr/2 



(4.6) 



Proof: For simplicity we will present the proof when B is identically zero. It is not 
difficult to see that the presence of B, satisfying our assumptions, will introduce some 
extra terms which can be easily treated by the same argument and a simple use of Young's 
inequality. 

The proof is by contradiction, we then assume that there exist eq > and sequences 
{Ak},{uk},{ek} and cylinders QR^{xk,tk) such that for Qr = ^p{xk,tk) we have 

£ 

-Uk4>t + {Ak{uk,Duk),D<i)) dz\ <ek\\Duk\\lj,,Q^ J|i:'0||^g(Q^j (4.7) 
Qr,. * 



for ah G V^{Qr.) but 



lim sup R 



and 



\Duk\P dz > 0, (4.8) 



-ff \v -Ukf dz + -ff \v - Uk\P dz > eqRpM \Duk\P dz (4.9) 

•'•'Qr^/2 •'•'QRf,/2 ■'■'^Rk 

for all V satisfying 

ff - v(t>t + {Ak{v,Dv),Dct)) dz = for all </> G V^{Qr^/2). 
•'•'Qr^ 

We then make a change of variables 

Uk{x, t) = Uk{xk + RkX, tk + Rkt), (x, t) G Qi. 

By the boundedness assumption (|4.2p . the norms ||'iifc||yp{gjj^) are uniformly bounded by M 
and so are ||?ia;|| v (Qi)- Thus, by scaling and translation, we can assume ii = 1 in (j4.7p - (|4.9p 
and note that (j4.2p and (]4.3p remain. This also proves that 6 is independent of R. 

For any positive real number h and any vector valued function / in L^{Qi), we denote 
by fh = Jh * f the standard mollifier of /. That is, for some smooth nonnegative function 
J with compact support in the unit ball Qi of IR"""*"^ and = 1, we write 

A(Z) = J, * fiZ) = ^II^^J (^^) f{z) dz, Z G 
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Let {hk} be some sequence of positive reals converges to and gk = {uk)hk-> which is in 
C^(Qi)- We then define Uk to be the solutions of 

// -Uk4>t + {Ak{Uk,DUk),D4>) dz = ^ V^eCoHQa) 
JJQ2 3 (4.10) 

Uk = gk on S2 



)2 . 

3 



Note that, by a.3), \\Uk\\oo < C{\\gk\\oo)- 

The following claims provide a contradiction to (|4.8p and (j4.9p and prove our proposition. 
Claim I: There is a constant C such that \\DUk\\LP{Q2) — ^\\^'^k\\LP{Q2)- 
Claim II: Uk - Uk in L^{Q2) and LP{Q2). 

Proof of Claim I: Let {a)k = ak{uk^Duk)}n, and replace (j) in the inequality for Uk by 
4>-hk^ whose support is in Qs/g if hk is sufficiently small. From (j4.7p . the following holds 



[-{gk,(t^t) + {{a)k.D4>)] dz\ < ek\\Duk\\l,(^Q^^W\\Lv(^Q,),y(t> G Cl{Qi). 

For any r G (— (|)^)0) and sufficiently small positive h, let r/(s) be a function such 
that ri{s) = if s < T, r/(s) = Oifs>r + /i and 77 is almost linear in (r, r + /i). Subtracting 
this inequality by the equation of Uk and testing the result with {Uk{x, s) — gk{x, s))'rf{s), 

which vanishes on the boundary of Q2 , we easily obtain the following for (p = Uk — gk when 

3 

we send h to Q 



sup / \(p\'dx+ I {Ak{Uk,DUk)-{a)k,D(p) dz<ek\\Duk\\l,^^Q^)\\D(p\\L,i^Q^)■ 



Here, for any cylinder Q, we denote = Q n {(x, s) : s <t}. The above then implies 
sup / \^\^dx+ff {a{Uk,DUk),DUk) dz = 

{Ak{Uk,DUk),Dgk) + {{a)k,{DUk- Dgk)) dz + ek\\Duk\\lp^Qj\D(l)hjLP(Q,)- 



Since \\D{Uk)h^.\\LP{Qi) — ^\\^^k\\LP{Qi)j ^ simple use of the Young inequality with Sk 
sufficiently small and the ellipticity of Ak in a.l) give 



sup / \Uk-gk\^ dx+ ff \DUk\''dz< 

S[-l,r]JB2 JJqI 

Cj! [\Dgk\'' + \{a)kV + \Dukn + efcP«A:|li(Q,)P0hJ|Lp(Q,)- 



(4.11) 
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Because ||-D5fc||Lp(Q- ) < C\\Duk\\Lp{Qi) and ||(a)fc||i5(Qr ) = \\Ak{uk,Duk)hSLi{Qi) ^ 

^ ^ 3 3 

C\\Duk\\\p(^QT y we obtain from the above and the Young inequahty the fohowing estimate 



< C\\Duk\\%(^Q.^)+ek\\DUk\\l,^Q^^ Vr G [-(^^,0]. (4.12) 

This estabhshed our first claim if we take r = 0. 

Proof of Claim II: Now, for any />, r E (0, |), we write Q'l = Q2 n {(x,s) : s < 
~ily + P^^ Q'2 = Q2 n {ix,t) : |x| > I - r} and Q3 = n Qa- These sets are the thin 

layers at the base and lateral sides of the cylinder Q2. 

3 

Let 4>{x,t) = il){x)rj{t), where V',?? are respectively cut-off functions in x,t. That is, ■!/> 
is a cut-off function for B2_^ and B2 and ?? is a cut-off function for [— (|)^ + /O^,0] and 

[— (|)P,0]. We can assume that \Dip\ < 1/r and \rjt\ < l/p^- 

Denote Hk = Uk — Uk and $ = Hktj)'^. Testing the equations for Uk with <I> and replacing 
(f) in (I4.7P by we get by subtracting the two results 



Hk^ + {Ak{uk,Duk) - Ak{Uk,DUk),D^) 



dz 



< ek\\Dukf^p\Q^)\\i^^\\LP{Q2)- 

T? 3 



We now write A = Ak{uk, Duk) — Ak{Uk, DUk) and derive from the above the following 



sup / Hl(l)'^dx+[[ {A,D^)dz< 

s6[-{f)P.0]"'^p "'"'Q2 

d(k 



\HkV<l^ 



dt 



dz 



+ ek\\Duk\\%\Q^j\mhp(Q2y 



(4.13) 



We consider the second term on the left and note that = (j)^DHk + 2Hk4>D4>. By 
the monotonicity assumption a. 4) with u = Uk and v = Uk, we have 

ADHkcP^ > XocP^\DHk\P. 

On the other hand, because Dcj) = in Q \ Q'^, \D(j)\ < 1/r and |A| < C[\Duk\P~'^ + 
we also have via the Young inequality 

// AHk(t>D(t>dz < C ff {\Dukr^ + \DUkr^)\HkM\D(l)\dz 



1 



< Cjl [\Duk\P + \DUkndz + C- I Hldz. 
% ^ JjQ'2 



Also, because 0£ = in Q \ Q'l and \4>t\ < we have 



dt 



dz < C- 



\HkV dz. 



On the other hand, as 



3 



<C\\DHk\\l,^Q^^ + C^JJ Hldz, 
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a simple use of the Young inequality and the above estimates allow us to deduce from (j4.13p 
that 



sup / Hl<j?dx+ll Xo\DHk\P^ dz < Fk, (4.14) 

where 

Ft = Jt// ttD«kl' + lDUtndz + c[f llDui,\'+\DUi,\'\dz+ 

For any given e > we will show that if r, p are sufficiently small and k is large then 

and 

// i\Duk\P + \DUkndz<e. (4.17) 

The above estimates yield 

sup / Hi dx+ [[ Xo\DHk\P^ dz < Csk + 2e, 

sG[-(|)P,0] "''Bp "'"'Q2 

and thus ||-ffA;||L2(Q^ ) < e. By Sobolev's imbedding inequality (see [H Proposition 3.1, p. 7]), 
we also have ||-fffc||LP(Qi ) < ^- Choosing e small we obtain the desired contradiction. 

Concerning ()4.16p . when r, p have been fixed, because = {u^ — Qk) + {Ok — Uk) and 
Uk — Qk converge to in LP and L? , we need only to prove that 

4// \gk-Uk\P dz + ^ ff \gk-Ukfdz<e, (4.18) 

if k is large and r, p are sufficiently small (uniformly in k). 
For the integral on Q'l, from (j4.1ip . we find that 



\Uk - Qk? dz < C p^ sup / \Uk-gk?'dx< 

se[-(|)p,-(|)p+p2HS2,s 

Cp^fl [\Dgk\P + \{a)h,\'^] dz + Skp'WDUkWl.^Q^y 

On the other hand, because Uk = Qk on the lateral part of S2, we can use the Poincare 

3 

inequality in x to get 



rPJjQ' JjQ' 



Uk - gkl" dz < // \DUk - Dgkf dz < \Dgk\P + \DUk\'' dz. 
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By (|4.1ip again, 

ff \DUk\P dz < ff \DUk\Pdz+ff \DUk\Pdz 

< ff \DUk\Pdz+ff [\Dgk\P + \{a)h,ndz. 



But 



JJ ^ [\Dgk\^ + \{a)h,V]dz<cjj ^ \Duu\'' dz. 



Therefore, the left hand side of ()4.18p can be estimated by 



C 



ff \Duk\Pdz+ff \Duk\Pdz+ff \DUk\Pdz + ek 



(4.19) 



Obviously, the left hand side of (|4.17p is also bounded by the above. Thus, we need 
only prove that the integrals in (14.190 can be arbitrarily small (uniformly in k) if r, p are 
sufficiently small. By the uniform continuity of integrals (see Lemma I3.10p , the integral of 
\Duk\^ over Q'l is small if the measure \Q'i\ , or p, is sufficiently small (but independent of 
k). Hence, the first term of (|4.19p is small. Fixing such a p, We then repeat the argument 
to see that if r is small then so is the second integral in (I4.19[) . Similarly, the integral of 
\DUk\^ over Q'2 \ Qi is small. 

Therefore, the right hand side of (|4.14p can be arbitrarily small if r, p are sufficiently 
small and k is large. As we mentioned earlier this gives the proof of the second claim and 
completes our proof. I 

We now consider the following alternative of the monotonicity condition a. 4). 
a.4') For any w gWT and U,V £ IR"*", there holds 

(4.20) 

Moreover, A{u, C) is Lipschitz in u in the following sense 

\A{u,C)-A{v,0\<C\u-v\\Cr\ 

Concerning the condition (|4.20p . if A{u, U) is differentiable in U then we note that 

{A{w, U) - A{w, V),U-V)= / {^{w, sU + {l- s)V)ds{U -V),U-V). 

Jo oC 

,r™^ dA 
Therefore, (|4.2Up can be verified if the matrix is positive definite and 

dA 

(— (u;, sU+{l- s)V)7], 7]) > X{sU + (1 - s)V)\7]f Vs e (0, 1), 7? € IR"'" 
dC 

for some X{sU + (1 - s)V) > \sU + (1 - s)V\p~'^. 
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Proposition 4.2 The conclusion of Proposition holds if the monotonicity condition 
a. 4) is replaced by a.4')- 



Proof: We revisit the proof of Proposition 14.11 and point out necessary modifications 
under a.4'). As before, for Hi^ = u^ — Uk and (j){x, t) = ip{x)r]{t) with ip, r] being respectively 
cut-off functions in x,t for Q2. That is, ib is a cut-off function for B2_.. and B2 and ry is a 

3 3^3 

cut-off function for [— (l)*^ + P^^t] and [— (|)^,t] , where r is any number in [— (|)^,0]. 

Again, the proof is by contradiction and we can see that the proof of claim I in tlie proof 
of Proposition 14.11 is still applicable here. We need only consider claim II. First of all, the 
assumptions ()4.8p and ()4.9p give that 



liJfcP dz>ei>Q 



for some fixed ei. So that, if r > 2,s > 1 then Holder inequality, the boundedness of 
and the above inequality yield 




\HkY dz\ <C{M)\ \HkV dz\ <C{M,r,s,ei) W dz. (4.21) 

'§ / \ / '^i 

Since a.4) was not used until we obtain (j4.13p . we now need only look at the integral of 
{A,DHk4>'^) in (jiJ3]) . which reads 

sup / Hl(t)'^dx+lf {A,DHk(t)'^) dz <Fk, (4.22) 

S&[~{l)Vfl]JB2 JJQ2 

where A = Ak{uk, Du^) — A^iUk, DUk), and i^^ = Fig{h,r,p) which is defined by (j4.15p 
and can be arbitrarily small if k is large and h, r, p small (uniformly in k) thanks to the 
argument in the proof of Proposition 14.11 without using a.4). 

We now consider the following two cases. 

The case p > 2: We write Q2 = E^VJ E„ where 

3 

Eu = {z : \Duk{z)\ < \DUk{z)\}, E, = {z : \DUk{z)\ < \Duk{z)\}. 
We also write 

// {A,DHk^^) dz= ff {A,DHk<f') dz+ [[ {A, DHkc/)^) dz. 
JJQ2 JJE^ JJe^ 

On Eu, we have 

(A, DHk) = {AkiUk, DUk) - Ak{Uk, Dut) + Ak{Uk, Duk) - Ak{uk, Duk),D{Uk - ut)). 
By (|i:20]) . as \Duk{z)\ < \DUkiz)\ and p > 2, it follows that 

{AkiUk, DUk) - Ak{Uk,Duk), DUk - Du^) > \o\Duk\^-^\DUk - i^Ufcl', (4.23) 
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and this term wih be kept on the left of ()4.22p . On the other hand, as Ak{u, is Lipschitz 



m u, 



\{Ak{Uk,Duk) - Ak{uk,Duk),DHk)\ < C\Hk\\Duk\P-^\DHk\ 

= C\Hk\\Duk\^\Duk\^\DHk\ < ^\Duk\P-^\DHk\^ + C\Hk\^\\Duk\P. 

The first term on the right can be absorbed into (|4.23p . 

Interchange the roles of n^, Uk and apply a similar treatment for the integral of (A, DHkcfP') 
over Ey in the above argument to see that ()4.22p gives 

sup / Hlcp'^dx+ff \Duk\^-^\DHk\'^(l)'^ dz+ ff \DUk\f'^\DHk\^^^ dz 
< C [f iDukm^l^cl)^ dz + C ff \DUk\P\Hkf(P^ dz + Fk. 

Since \Duk\ < \DUk\ on the above yields 

sup / Hlct? dx<C [[ \DUk\P\Hk\'^(j)'^ dz + Fk 

se[-(l)p,0] JJQ2 

Now, using the higher integrability of Du^ of Lemma [3.11l we also have the L'^ estimate, 

with q > p, for DU^ on Q2 by extending Uk = Uk beyond the boundary of Q2. In fact, this 

3 3 

comes from (j4.12p (for cylinders centered on the boundary of Q2) to obtain a reverse Holder 
inequality for DUk and then use the fact that Du^ is in L'^. Thus, by Holder's inequality 
and (142111 



1 

ff \DUkmk\''<p'' dz < C{M) I // dz\ < Ciei,M) ff 

JJq2 \JJq2 I JJq\ 



\Hk\'^ dz. 



Again, it is easy to see that the above argument still holds ii Q2 is replace by Q'^ 

3 3 

Q2 n {{x,t) : t < t} for any r < 0. Sending p, r to zero to obtain 



3 



sup / Hi dx <C{ei,M) [[ \Hk\'^dz + Fk. (4.24) 

se[-a)p,T]JB2 JjQi 

Setting 

yfc(r) = sup / Hi dx 

s&[-{ly,r]-'B2 

the above (Oi]l becomes < Cyu + Fk with y(-(|)P),Ffc can be arbitrarily small. By 

the Gronwall inequality, we see that Hk — t- in L^(Q2) as well as in L^iQi) because p > 2 

3 3 

and Hk is bounded. Our desired contradiction is obtained and the proof is complete for the 
case p > 2. 

The case 2n/ (n + 2) < p < 2: For each z £ Q, let us denote by u{z),v{z) which are ei- 
ther Uk or Uk such that, with a slight abuse of notation here, Du{z) = max{Duk{z), DUk{z)} 
and Dv{z) = va.va.{Duk{z), DUkiz)}. We write = E^D Ey where 

Eu = {z : ^\Du{z)\ < \Du{z) - Dv{z)\}, E^ = {z : |L>u(z) - Dv{z)\ < ^\Du{z)\}. 
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Again, we consider the integral of {A, DHkcj)'^) in (j4.22p . On E^, we write H = u — v, 
DH = Du-Dv and 

(A, DHk) = {Akiu, Du) - Ak{u, Dv) + Ak{u, Dv) - Ak{v, Dv),DH). 

Because p<2, mm{\Duk\P'^ , \Duk\P'^} = \Du\p-^. By ()i:20D and the fact that \Du\p-^ > 
2P-'^\Dv - Du\P-'^, we have 

{Akiu, Du) - Ak{u, Dv),Du - Dv) > CXo\Dv - Du\p, (4.25) 

and this term will be kept on the left of (j4.22p . On the other hand, as Ak{v, C) is Lipschitz 
in V 

\{Ak{u,Dv) - Ak{v,Dv),DH)\ < C\H\\Dv\P-^\DH\ < ^\DH\p + C\H\^\\Dv\p 

< ^\DH\P + CiM)\H\'^\\Dv\P. 

Here, we have used the fact that H is bounded in the last inequality. The first term on the 
right can be absorbed into (j4.25p . 

On Ey we note that \Dv — Du\ < ^\Du\ implies \Dv\ > ^\Du\ (otherwise, \Dv — Du\ > 
\Du\ — \Dv\ > ^\Du\ contradicting the definition of Ey). We now write H = v — u, 
DH = Dv- Du and 

{A, DHk) = {Ak{v,Dv)-Ak{v,Du) + Ak{v,Du)-Ak{u,Du),DH). 

We have by ([TO]) 

{Akiv, Du) - Akiv, Dv), Dv - Du) > CXo\Du\P''^\Dv - Du\^ . 

Again, this term will stay on the left of (I4.22p . Meanwhile, as \Dv\ ~ \Du\ on Ey, we have 

\{Ak{v, Du) - Ak{u, Du), DH)\ < C\H\\Du\p-^\DH\ < 

C\H\\Dv\2\Du\^\DH\ < ^\Du\P~^\DH\'^ + ClFplDulP. 

Combining the above estimates and noting that \Dv\ < \DUk\, we derive from (j4.22p 

sup,e[_(|)P,o] / Hl(j)'^ dx + JJ iDHklP^"^ dz + II \Du\P-^\DHk\'^<p'^ dz 

i " rr " (4-26) 

< C{M) \DUk\P\Hk\^(l)^ dz + Fk. 
JJQ',. 



As in the case p > 2, because 2n/(n + 2) < p < 2 the higher integrability of DUk is 
available, we can derive a Gronwall inequality and see that iJfc in L^{Q2). Since H^ 
is bounded and DUk is L^iQi), an application of Holder's inequality shows that the right 

3 

hand side of the above inequality tends to zero as A; — )• oo. Hence, 

|L>i/fc|V dz + II \Du\P-'^\DHk\^(t>^ dz^O as /c ^ oo. (4.27) 
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Concerning the norm of DH^, we observe that 

P 2— p 

< (^j/^ \Du\P~^\DHk\^(t? dzy l^jj \Du\P<l? dz^ ' . 

Because the integral of l-Dul^ = maxjlDufelP, \DUkY'} o'^^r Q2 is bounded, the above and 

3 

(j4.27p show that the integral of \DHkf over £"„ and E^, and therefore Q2, tends to zero. 
By Sobolev's imbedding inequality, we see that Hk — )• in U\Q2). Our proof is then 
complete. I 

The first alternative (j4.4p in the above propositions is not as useful as (j4.6p for our later 
proof of the Holder continuity for weak solutions. To this end, we will show that (14. 4|) allows 
us to approximate the considered u by solutions to those of nice systems whose coefficients 
A{v,Dv) do not involve with the solutions v. The proof of this fact for the singular case 
{p < 2) is much more involved and will be reported in a forthcoming work. Here, we present 
only the result when p > 2. 

Proposition 4.3 Assume that p > 2 and a.l)-a.3) and a. 4) or a. 4') hold. For any given 
M,e > and /3 > 1 there exists 6 £ (0,1] that depends only on A,A,Ao,e,/3 such that if 
A £ A, B & B and u G V{Qr) satisfying 



IQ 

and 



■II \u - ur\^ dz + Rf-ff \Du\Pdz<M, (4.28) 



-u<Pt + {A{u,Du),D^)-{B{u,Du),^) dz\<6\\DuLE^^ \\DcP\\lp^q^) (4.29) 

for any Qr C Q, (p G Vp{Q), then there exists v in V^(Q_r/2) such that \\v\\l°°[q^j^) < 
C(A,A,Ao,M) and 



-II \v-u\^dz + -ff \v - u\P dz < eRP-ff \Du\p dz 
-ff \Dv\P dz < l3-ff \Du\P dz. 

JJQr/2 JJQr/2 



Moreover, v satisfies 

- vcPt + {A{v, Dv), DcP) - {F{v, Dv),(t>) dz = 0, V,/. e CHQr/^), (4.31) 

Qr/2 

where either A{v , Dv) = A{v,Dv) and B{v, Dv) = B{v,Dv) or A{v,Dv) = A{c,Dv) and 
B{v, Dv) = B{c, Dv) for some constant vector c G IR*". 

Proof: Again, we will only discuss the case B = here. As in the proof of Proposi- 
tion 14. 2| by scaling we can assume that R = 1 and need only consider the case when 

limsup-# \Duk\Pdz = 0. (4.32) 
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We now look at the solution of 

[-VkcPt + Aki{uk)Q„Dvk)D(l)]dz = V0GK°(g2), (4.33) 



and Vk = Uk on 52 . By testing ()4.33p with Vk — Uk we easily see that 

-ff \Dvk\P dz < C-ff \Duk\Pdz. (4.34) 
JJq2 JJQi 

As before, by subtracting the equations for Uk,Vk and testing the result with {vk — Uk), 
we have for iJ^ = Vk — the following 

sup/ H^dx+ff {Akiiuk)Q„Dvk)- Akiuk,Duk),DHk) dz <0. (4.35) 

t JBn JJQ2 



<2 •'•'^2 
3 3 



We now write 

Ak{{uk)Qi,Dvk) - Ak{uk,Duk) = Ak{iuk)Qi,Dvk) - Ak{{uk)Qi,Duk) 

+Ak{{uk)Q^,Duk) - Ak{uk,Duk) 

and keep the first difference on the left of (14.350 . Using the ellipticity and Lipschitz property 
of ^fc, we obtain 

sup / Hldx<c(( \Duk\''\uk - (ufc)QiP dz. (4.36) 

t JBo JJQ2 



■>2 •'JQ2 
3 3 



We now make use of the estimate for -Dma;, see ()3.23p of Lemma [3 . 1 1 1 and Remark l3.12t 
to find some q> "p and ex > 1 such that 



dz 



\^^^ \Duk\^ dz]^ <c(jj-^ \Duk\' 
Hence, for r = (p/q)' 

sup/ \Hk\Ux<c(ff \Duk\P dzX { (( \uk - {uk)Q,\'''- dz\ . (4.37) 
t JB2 \JJqi J \JJQ2 I 



52 \-'JQl / \-'''^2 

3 \ 3 



Since is bounded, 



\uk- {uk)Q^'' dz\ <C{M)\ // \uk-{uk)Q^\ dz 

By (j4.32p and an application of the Poincare inequality, we see that the above quantities 
tend to as A: — )■ 00. Sending p, r, the parameters defining 4>, to in (I4.37P and using the 
boundedness of the integral of \Duk\'P, we derive 

sup/ \Hk\^dx<e(( \Duk\^ dz (4.38) 
t Jb2 JJqi 
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for any given e > when k is sufficiently large. Integrating the above in t, we obtain 

\uk — Vk\'^ dz < e \Duk\^ dz. 



\uk - ffeP dx 



Finally, by applying the interpolation inequality in x to (u^ — u^), one has the following 

/ \uk-Vkfdx<e \Duk- Dvk\^ dx + C{£) \ 
Jb2 Jb2 \Jb 

Integrating with respect to t and using (j4.34p to get 

// \uk — Vk\^ dz <Ce If \Duk\^ dz + C(e) sup / \uk — ffcP dx 

jjq2 jjqi y t , 

By ([05|) . we see that 

^ \uk - Vk\^ dz<Ce [[ iL'ufclP dz. 

JJQi 

The proof is now complete by rescaling. I 

5 Decay estimates and the proof of Theorem 12.21 

We will prove in this section that the set I of parameters with which the scaling decay 
property D) holds for our systems is open. Firstly, we recall the property D): For a given 
bounded function v in we say that v satisfies a scaling decay property if the following 

holds 

D) Let M = supg^ ^ \v\. For any Rq > and rj £ (0,1), there are positive numbers 
A,K,L,ao,uJo depending on M, ry (with K,A sufficiently large) such that we can 
define the following sequences 

Rk = cok+i = max{r,uk, LR'^^}, Sk = Qk = Br, x [Sl-^Rl 0] (5.1) 

such that Qk C Qi.i for any integer A; > and 

^k>-ff \v-iv)k\'' dz, iv)k=-ff vdz. (5.2) 

We then consider a family of systems of the form (r G [0, 1]) 

{ vt = diY{A{T,v,Dv)) inQi,i, 
\ v = g on 51 1. 
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We defined X to be the collection of r E [0, 1] such that every bounded weak solutions 
of the above system verifies D). Theorem 12.21 asserted that X is open and bounded weak 
solutions to (|5.3|) with r E X are Holder continuous. Its proof goes as follows. 

Proof of Theorem 12. 2t Fix a // E X. We will show that if \v — [i\ is sufficiently small 
then E X. That is, every bounded weak solution u of ()5.3p with t = v will satisfy D). 
Now, let u be such a solution and M = supg 

The new set of parameters A,K,L,ao,RQ,{u!k} in D) for u will be determined in the 
course of our calculation and depend from that of the reference system (|5.3p when t = p.. 

By induction, let us start with a positive w/c, says /c = 0, such that 

w^># \u-{u)k\'' dz. (5.4) 



In the sequel, for any t > we will denote by tQk the cylinder with radius tR^ and 

r2-p pp 

k -"-fc' 



concentric with Q^. From the Caccioppoli inequality, see Lemma 13.31 with p = S't ^R^ 



Rl-ff \Du\P dz < C-ff \u - (n)fc|P dz + C-ff Sr^\u - {u)k\^ dz. 
JJ\Qk JjQk JJQk 

An application of Young's inequality to the integrand in the second term on the right and 
(|5.4p we can find a constant Ci such that 

Rljj-^_ \Du\Pdz<C-ff \u-iuh\Pdz + CSl<C^{l + j-^H. (5.5) 

For any given e > 0, if |/U — is sufficiently small (depending only on M,e) we apply 
the approximation result, Proposition 14.31 in ^Q^ to obtain a "nice" solution v satisfying 
()5.3p with T = /i or a similar system with v being replaced by a constant vector such that 
supig^ \v\ < C{M) and (in combination with (|5.4p and (|5.5p ) 

4 Iv-Wdz < ■# \v-{u)k\''dz 

jQk jQk 

< -ff \v-u\Pdz + -ff \u-{u)k\^dz 
Jj\Qk JJjQk 

< eRl-ff^^^ \Du\^ dz + C2U^l < Cs{l + < C,u;l. 

Here, C4 = 2C3 if ^ > 1. We then take Wfc = C4UJk {k = 0) and apply the assumption D) 
on any solution v of (j5.3p with fj sufficiently small to find A,K,L depending on supg \v\, 
and therefore M, and construct the sequence {(Dfc} such that the relations in (j5.ip hold and 

# \v-{v)k\'' dz<ujl yk. 
JJQk 

The new constants for u will be chosen such that K = K, C/^A = A, with A being large 
and A>1. The constants L, ag will be determined later (using the constant C4, ^4) so that 
Qk+i C Qk+i and LOk+i = max{ Tywfc, Li?""}. 
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Choosing K large (or equivalently K) depending on r] such that, as oJk+i > iJUk, we 
have 



Noting that jQk is scaled by i?^ in the t direction, we then deduce 



p— 2 

if \u-v\Pdz < ^(2if)"+P# \u-v\P dz<'^^{2KY+-PeRlU \Du\p dz 
Here, we have used (I5.5p . Since Qk+i C Qfc+i, it follows that 



jl |n- < cM \u - v\P dz + Ce-ff \v - {v)k+if dz 

•'■^Qk + l ''''Qk + 1 •'•'Qk + 1 

< Ce-ff \u-v\P dz + cJ-^^4 \v-{v)k+i\^ dz. 
J J Qk+1 \Qk+i\JJQk+i 



The first term on the right is estimated as follows. We choose e small, depending on K 
and thus M, such that for any given e' > we have via Young's inequality 

Meanwhile, since v verifies ()5.2p in D) 

cJ-$^A \v - {vh+il^ dz = C,%^4 \v - dz < Csu^l-lcoU, < 

\Qk+l\JJQk+i Sl^^JjQk+i ^ 

if \/C8(Djt+i < uJk+i- Here, from the definition of C^A = ^, Cg = CqCI~^ which depends 
only on n. 

Recall that we also require Qk+i C Qk+i- To this end, as K = K, we need Sk+i = 
> _ or Wfc+i > C^LOk+i- This and the requirement < u^k+i ^ VCg^^k+i are 
possible by choosing L sufficiently large or Rq is small with oq < ctQ and fj small so that 



u)k+i = maxjTywfc, > maxjvCs, C4} maxj^cj^, Li?"°} = max{ v Cg, C4}u)k+i- 

We should note that once this requirement is fulfilled for k = then 17 is fixed and the above 
relation holds for all k > 1. By induction, we then define the sequence {ujk} for u. 
Hence, 

1?^ - (^i)fc+ir dz <^ " 

'Qk + 1 



jj- \u- (n)fc+i|P dz < + e'ujl + < w^+i for all k>0. 



This shows that u satisfies the same properties D) and I is open. In addition, an 
algebraic argument similar to [1] Proposition 3.1, p. 44] applies to the sequence {cok} to get 



-ff \u-iu)kf dz<ojl<CRp. 
JjQk 
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Moreover, since < '^o and p > 2, we have Q„ q'^'^r^ ^'^^ above gives 



■fl |u-(M)fc|Pdz<Ci?^o. (5.6) 



By Campanato imbedding, the above imphes that u is Holder continuous. Our proof is then 
complete. I 



6 X is closed 

In this section, we will show that the set X is closed in [0, 1]. To proceed, we take a sequence 
{v^} in X such that z/^ — )• /i and show that fj, £ I. Thus, let us consider a bounded weak 
solution to ()2.ip with v = fj,. By II), there is a sequence of Holder continuous weak solutions 

Vk to 

vt = <ii\{A{vk,v,Dv)) in Qi, (6.1) 

such that Dvk converges weakly in L^{Qi) to Du. Moreover, the L°° norms of v^s are 
bounded uniformly in terms of that of it, and We will derive uniform estimates for various 
integral norms of Dv^ in terms of the L°° norm of u. Once this is established, we obtain 
estimates for the derivatives of the limiting u and its Holder continuity to conclude that ji 
is in X. 

Let V be any bounded weak solution to (j6.ip . We recall our assumptions here. 
Let \u^y,Kp^v be the ellipticity constants for the matrix {A^^i) = ^(z/, w,,^), that is 

m n 

E E ^ivijii > E(E^^^^/)' < ^IM' (6-2) 

i,j=l k,l=l i,k j,l 

for any r] G IR'"". Moreover, for some positive constants Xu,-^u we have 
If n > 2, we also assume that 

< (6.3) 

We also assume that there exists a positive constant ajy_„ such that 

dA - 
\^i'^,v,()\ < a^,v\^\P^^ with 2a^,„M^,^(p + n- 1) < ctqA^, (6.4) 
ov 

where M^^y = supg^ \v\ and (Tq is a fixed number in (0, 1) and 

Ajy = (1 — 5^)A,y and S = sup{— ^ : u is a bounded solution}. 

n Xu^v 

Note that A > thanks to (iQl) . 
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Fixing u in I and a solution v to (j6.ip . we will denote a{v, C) = j4(i^, v, C) and also omit 
the parameter in the subscripts for Xu,v, ■^u,vi ciu,v in the sequel. 

The proof of Theorem 12.31 relies mainly on the following two lemmas which establish 
uniform bounds for the norms of Dv. First of all, we need the following simple conse- 
quence of Sobolev's inequality. For any q,r > 0, assuming n > 2 as the case n = 2 is easy, 
we have q + = \q^^^^^^ + r"^ and by Holder and Sobolev's inequalities the following 

[ \V\'^+'-i(i)'^+^ dx < ([ [\V\^^]^ dx) " ([ \V\'(I)'^ dx)" 
Jn \Jn J \Jn J 

< c[ \D{\V\^'^(t>)\'^ dx( f |yr</.2(ixV. 

Therefore, by integrating in t 

2 

II |yr+''"</>2+" rfz < C sup (I \VY(t)'^ dxY II \D{\V\^'^(t))\^ dz. (6.5) 
JJQi te(-i,0) V"'!^ / JJQi 

In the sequel, we will make use of difference quotients. For any vector valued function 
/, i = 1, . . . , n and real number h ^ 0, we denote 

5^j^ f{x, t) = j^ifi^ + hei,t) — f{x, t)), Cj is the unit vector in the i*^ direction of IR". 

If an argument holds for any i, we will simply omit the superscript (i) in the above notation. 

For any v being a weak solution to a nice system, v is Holder continuous and the 
difference 6hV weakly solves 

i6hv)t = dw{6ha{v,Dv)). (6.6) 
We first have the following estimate for "nice" solutions. 



Lemma 6.1 Let v be a Holder continuous weak solution to i6. 1]) . For any (p £ Cn{Q3) 

4 

there exists a constant C depending on M = supg^ \v\ such that 

sup / \Dv\^(tP' dx + \ll \Dv\p-'^\D'^v\^(I? dz and II \Dv\P+n(j)^+7i dz < C. 

t£(-l,0) JjQi JjQi 

(6.7) 

Proof: Let cp be in Cg (Qj ). For any function / in (x, t), h and e = (i = 1, . . . , n), 

we will write 5'^ f{x, t) = {f{x + he, t) — f{x,t))/h and f{x, t) = {f{x, t) — /(x + he, t))/h. 
Testing (|6.6p with 5'^v4>'^ and integrating by part in x, we get 

sup / \6^vf(P^ dx+ II {6^a{v,Dv),D{6^v(P^)) dz < II \6^v\^(l)t dz. (6.8) 
te(-i,0) "'f^i JJQi JJQi 

We then set 

Eo = {{x,t) gQi : \Dv{x,t)\ < \Dv{x + h,t)\}, Ei = Qi\Eo. 
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We now split the integral of {5'^a{v,Dv),D{5'^v(j)^)) on Qi into those on Eq,Ei. On 
El, we have 

{5ta[v, Dv),D[5+vcf')) = {5j;aiv, Dv),D{5j^vcf')) = {5j^a[v, Dv), D[5^v)<l? + 5j^vD{<l?)). 
Concerning the term 5^a{v, Dv), we write 

6j^a{v,Dv) = j^[a{v{x,t), Dv{x,t)) — a{v{x,t), Dv{x + h,t))]+ 

j;^[a{v{x,t),Dv{x + h,t)) - a{v{x + h,t),Dv{x + h,t))] 

= / —{v,sDv{x,t) + {1 - s)Dv{x + h,t))D5^vds+ 
Jo 
"1 da 



dv 



{sv{x, t) + (1 — s)v{x + h,t), Dv{x + h, t))6f^ vds. 



Using the fact that \sDv{x,t) + (1 — s)Dv{x + h,t)\ > \Dv{x + h,t)\ on Ei and the 
ellipticity condition of da / 5^ we get 

(— (v, sDv{x, t) + (1 - s)Dvix + h, t))D5j^vds, DdJ^v) > \\Dv{x + h, tY~'^\D5j;^v\^ . 

This term will stay on the left of (|6.8|) . On the other hand, bty (|6.4|) . we have 



3a 

— {sv{x, t) + (1 — s)v{x + h, t), Dv{x + h, t))5~^v 



< \a^\\Dv{x + h,t)\P-^\5^v\. 



Thus, by Young's inequality, we have for any positive e the following 



da 

{—{sv{x, t) + (1 - s)v{x + h, t),Dv{x + h, t))57v, D{57v)) 
ov 



< 



< e\Dv{x + h,t)\P-^\D{6^v)\^ + C{e)\aX\Dv{x + h,t)\P\6j;v\ 



The above term will be on the right hand side of (|6.8p . 

Similar argument will apply to the set Eq . We then choose e sufficiently small and derive 
from (|6.8p and the above estimates 



sup 

tG(-l,0) J^i 



A 



\5hv\^cl)^ dx + - \vdrWDi6+v)\^ + \D6j^v\^)cP^ dz < 



-j-\vDnVh\^^^ + \vDfm + A\vDr^\Dcp\^ + l) dz, 



(6.9) 



where vd = max{|Df (x, \Dv{x + h,t)\}, = Ta.\n{\Dv{x,t)\, \Dv[x + h,t)\} and Vh 
mayi{\6^v\,\6j^v\}. 

Sending h to zero, we get 



ie( 



sup / \Dv\'^4>'^ dx + - ([ \Dv\p-'^\D'^v\'^4)'^ dz < 
[-1,0] J^i '^JjQi 

|£)„|P+202 ^ \Dv\'^{\(l)t\ + K\Dv\P-'^\D(l}\^ + 1) dz. 

p+2 



(6.10) 



Of course the above argument is justified if Dv G ^loc ■ This fact will be proven in 
Lemma 16.21 following this proof. 
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We now estimate the integral of in (j6.10p . By integrating by parts in x 

|Z)'t;|P+202 dz = [[ vD{\Dv\P+^^'^) dz < M [[ {\D'^v\\Dv\P(I)'^ + \Dv\p+^(I)\D^\) dz, 



where M = Mj^^^ = supQ^ \v\ 



Young's inequality applying to the right then gives 

// \Dv\P+'^(l? dz<e ff \Dv\P+^(l)'^ dz+C{e)M'^ ff {\D'^v\'^\Dv\p-^^'^ + \Dv\p\D(I)\'^) dz. 
JjQi JjQi JjQi 



Thus, for e = ^, we obtain 

^ // \Dv\P+^cl)^ dz < // \Dv\P-'\D'v\'4>^ + \Dv\P\Dcl)f dz. 

A JJqi a JJq^ 

Using this in (IG.lOp and the assumption on the smallness of a^M in (16. 4p . we obtain 

sup / \Dv\^(l)^ dx + X ff \Dv\P-^\D'^vf^'^ dz < 
te{-i,o)J^ JJQi (6 11) 

C ff \Dv\W(t>t\ + {\Dv\P-^K + A)|D(AP + 1) dz. 
JjQi 

By Caccioppoli's inequality we note that 

\Dv\^{\ct)t\ + \Dv\P-'^\Dcl)\^) dz<C{\(pt\,\D(P\) ff \v\^dz<C{M). (6.12) 



The above and ()6.1ip then imply 

sup / \Dv\'^(l? dx+ ff \Dv\P-'^\D^v\^(f^ dz <C{M). 

We now make use of (j6.5p . with V = Dv and q = p,r = 2, and combine with the above to 
get the second estimate in (|6.7p and complete the proof. I 

To justify the calculation leading to (j6.10p . we now show that 
Lemma 6.2 Spatial derivatives of Holder continuous weak solutions v to ^6.1\} are in Lf^^ . 



Proof: Let f be a Holder continuous weak solutions to (j6.ip . We will show that at 
almost every point zq = (xq, to) £ Qi with Dv{zq) ^ and R is sufficiently small then there 
is a constant C such that 

lK^rU.<CR-^ff m-,. ,„.so.ese,™„ce..^O, ,6.13) 



Here, Qr = Br{xq) x (to — R^ito) and Qn C Q/^r C Qi. If this is not true then there will 
be a sequence Rk ^ such that 

6,.r^ dz > kRf ff \Dv\P dz for any sequence 0. 
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We then choose = hR^ for some sufficiently smah and positive h to be determined later. 
By scaling, with Vk{X,T) = v{xo + RkX,tQ + R^T), we get a sequence of functions Vk on 
Qi such that 

// \5hVk\P-^^ dz > k ff \Dvkfdz. (6.14) 

Since v is Holder continuous and ~^ we see that vj. can be arbitrarily close to 
{vk)Q^ on Qi. Thus, Vk approximately solves the following system 

Ut = diw{a{{vk)Q,,DU)). (6.15) 

For such system, which does not explicitly depend on [/, we can find (see Remark 16.41 at 
the end of this section) a function C{x) which is bounded if x is bounded such that 



dz<C\jj \DU\P dz 1 . (6.16) 

For sufficiently small h > 0, the above yields 

// \6hU\P+^ dz < C I [[ \DU\Pdz 

JjQi \ / 

Our approximation results then give a sequence {Uk} of weak solutions to (j6.15p satis- 
fying 

\DUk\Pdz<cff \Dvk\P dz, 



1 •'•'VI 
3 3 



and Uk — Vk — )• in U'{Q\) (as well as in L'^{Qi) for any q > 1 because Uk, Vk are bounded). 

4 4 

Moreover, DUk — Dvk — s- weakly in LP{Qi). 

4 

Together, we have the following estimates 

k II \DvkY' dz < II \5hVk?+^ dz, II \5hUkY'+^ dz<cl II \Dvk\P dz] . 

With h being fixed and Uk,Vk being bounded, we have 5h{Uk)—5h{vk) — )• in for all g > 1 

as A; —7- oo. Moreover, since // \Dvk\^ dz — t- Dv{zq) ^ 0, the above gives a contradiction 

JJQi 

when /c — )■ oo. Thus, ()6.13p holds almost everywhere on the set where Dv ^ 0. Finally, by 
sending /i to it is easy to see that ()6.13p implies Dv £ Lf^^^. I 

To get estimates for higher powers of \Dv\, we need the following lemma. 

Lemma 6.3 Let v be a Holder continuous weak solution to i6. 1\) and a be a positive number. 
Assume that = ^a,v^ for some 6a,v S (0, 1) and 

2a^M{p + a + l) < aoX, with X = - ^1 v) ^'v , ctoG(0, 1). (6.17) 
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//(/)€ CMQz) then 

4 

// ^2+1 dz<c( ff \Dv\^+''{\(l)t\ + \Dv\P-^\D(l}\'^ + 1) dz] . (6.18) 

JjQi \JJQi J 



Proof: To proceed, we recall the following facts in [7]. From the ellipticity condition 
|| = (A^^i) we have for Ky = A^/A^ and ly^ = \v/^v that 

$:(r/f - K^i^rf^ f < (1 - 2KyK + K^A^)|r?P = (1 - . 



The lemma f7, p.677] then gives L>C^(C|Cr) > (a)|I)Cll^(ClCr)l for any C : IR" ^ 
IR"'" and /u(a) = 1 - ■ Therefore, with = Dv 

J2^D^vD{Dv\Dv\'') = ^[KyJ2{^D^v-D^v)D{Dv\Dv\'')] + D{Dv)D{Dv\Dv\'') 

> iifika) - (1 - i^'y)hD{Dv)\\D{Dv\Dvn\. 

Thus, if 2^ = ^a,vx^ for some 6a,v £ (0, 1) then the constant in the right hand side is 

-l(,(a)^ - (1 - ^'J) = rTT^rf^ ^ - = - 

ft-v (/x(aj 2 + (1 — Z^^j 2 j f^j; 

Hence, by the assumption on A^,, we get 

E^^D\D{Dv\Dvr) > ^{fi-2{c^)-{^-'^'v)HD{Dv)\\D{Dv\Dvn 

The following calculation will be rigorously justified by using difference quotient operator 
5h, as in the previous lemmas, in place of the differentiation D below. However, in order to 
be more suggestive, we will write ()6.6p formally as 



{Dv)t = div(^(t;, Dv)D'^v + ^{v, Dv)Dv). (6.20) 

ov 

Testing ()6.20p with Dv\Dv[^4P' to obtain (compare with (16. 9|) ) 

,da 

[v,Vv)V^v,V[l 

da 



sup/ |D^;|2+"</.2 dx+ // &{v,Dv)D^v,D{Dv\Dv\'^)(t>'^) dz < f[ \Dv\'^+''\(j)t\ dz 

(|L'7;|2+°,/.2 + \Dv\^+'^\^D^\) dz. 



+ II \{?^{v,Dv)D'v,Dv\Dv\^D<l><P)\ + 



dv 



Using (I6.19P and Young's inequality, we deduce 

sup / dx + A^ // |D2„|2|2)^|p-2+a^2 < 

t Jfii JJqi 

\av\ 

JJq 



, ,2 // (6-21) 

^-^11 \Dv\P+^+''^'^ dz + C \Dv\'^+'^{\(j)t\ + \Dv\P~^\D^\'^ + 1) dz. 
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Again, since v is Holder continous, similar argument as that of Lemma 16.21 shows that 
Dv G LFioc^'^ and justifies the above and below calculation. We now estimate the integral 
of \DvY''^'^~^"' (jP' . By integrating by parts in x, we have 



// \Dv\P+^^°(l)'^ dz= ff vD{Dv\Dv\P+'^^'^) dz 

JJqi JJqi 



<M {p + a + l)\D^v\\Dv\P^''(t>^ + \Dv\P+^+''(t>\D4>\ dz, 

JJqi 

where M = supg^ bl- Young's inequality applying to the right then gives 

|D?;|P+2+"(/>2 dz<{- + e)[[ dz+ 
Qi 2 JJq^ 

[2M{p + a + l)Y [[ \D^v\^\Dv\P-'^+"(l)^ dz + C{e)M^ [[ |Dt;|P+"|Z)</.| 
JjQi JjQi 



2 dz. 



We choose e < 1/2 in the above to obtain an estimate for the integral of \Dv\^^'^^°'(p'^ . 
Using this in ()6.2ip and the assumption ()6.17p on |at,M| and A^,, we obtain 

sup / \Dvf+"^^ dx + {l- a^o)X II |Z)2i,|2|£)i;|P-2+"^2 < 

t Jn^ JJq^ (g_22) 

C // |Z?r;|2+"(|0(| + X\Dv\P-^\D(l)\'^ + 1) dz. 



The above also gives similar estimate for |||Du|^^^")/2^||^^^^^^ Applying (16. Sp . with 
V = Dv and q = p + a,r = 2 + a, we get the lemma. I 

We are now ready to give 

Proof of Theorem 12. 3t By M.2) (see (j6.4p ). we can choose a number (3 > n — 2 and 
some 5' G (0, 1) such that for M = supg^^ 

^ a X n — 2 

2a^M{p + /3 + 1) < (JqK, and -f — = 6'-^ > . 

p + 2 Ay n 

Clearly, starting with ao < 2 (thus p + ao < p + 2), we can find finitely many numbers 
ao, . . . , ax such that 

2a,M{p + ak + l)<aoX and ^^ = 5^^, < 5' 

ak + 2 'Ay 

(k) 

for any k < K. Moreover, it is easy to see that we can also choose (5s, ^ such that < 
Ofc+i < Ofc + (2 + Ofc)^, ax = 13 and p + ak+i <p + ak. 

Since Qs C Qi, by the Caccioppoli inequality we obtain ||Z)ii||^p(Qg ) < C{M). Using 

the estimate for iDvl^^'^ in Lemma l6. II and a cut-off function ch for Q 2,(55 in Lemma 16.3^ 
we see that 



// \Dv\P+^ dz < C{M). 
JJq-2 



1Q2 
3 
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Let the function tj) in Lemma 16.31 be the cut-ofF functions for Qr^. and Qr,.^^ with 
= I — k-^, k = 1,. . . ,K. By induction, the choice of ak aUows us to obtain the 
following estimate from (|6.18|) 

2 

Dv\'i^ dz <C{K,M), QK =p + aK + {2 + aK)-- (6.23) 
Qi n 

Note that qx > n + p because = /3 > n — 2. 

Now, let u be a weak solution which is, by II), approximated by a sequence {vk} of 
weak solutions to nice systems and Dvk Du weakly in L^{Qi). By the semicontinuity of 

^^^^ 2 

seminorms and (|6.23|) . we have for any Qr C Qi that 

2 

\Du\'^'^ dz < liminf // |L>Wfc|^^ dz < C{M). 



Hence, with q = Qk/p 



1 



Du\'P dz<( II |L»n|'?^' dz ) ' \Qr\^'~^ < C(M)ii"+P-("+^')^ = C{M)R 



yn+a 



Here, a = p — {n+p)^ = -^{qk — n—p) is positive. Holder continuity for u then follows from 
the above estimate and the Poincare inequality in Lemma [3.11 Thus, u can be approximated 
by solutions to systems that do not explicitly depend on u and satisfy the property D). This 
implies that u satisfies D) and I is closed. I 



Remark 6.4 We should note that the estimate (I6.16P for systems with coefficients inde- 
pendent of their solutions could be derived directly from our proof. Indeed, for such systems 
^ = 0. Therefore, our arguments which lead to (j6.10p and (j6.2ip would not yield the in- 
tegral of |Dup^^^" on the right hand sides, and give a similar bound as in (16.160 for the 
integral of \DU\^'^ for some qx > n + p. Hence, the calculation in our lemmas is justified. 
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